Absence of Localization in Disordered and Hierarchical Lattices : an Overview by Chakrabarti, Arunava
Indian J. Phys. 7 5 A  (1 ) . 5 -8  ( 2 0 0 1)
U P  A
an international journal
Absence of localization in disordered and hierarchical 
lattices : an overview
A ru n a v a  C jbakrabarli
Department pf Physics. 




Abstract : Usually the notion of an extended wavefunclion is associated with a periodic lattice Bloch function is a classic example On the other 
hand, if randomness is introduced in a lattice, wave functions are, in general, exponentially localised, as was pointed out by Anderson in 1958. Perhaps 
the most striking change in the character of electron-states occurs in one ditncnsion where, according to Anderson, almost all the single particle stales 
are exponentially localized for any amount of disorder However around 1989, it was pointed out that short-iangcd positional correlation between the 
constituent atoms in the model of a binary alloy may give rise to extended electronic states (and therefore large conductivity) in an otherwise random 
system This was shown using a one dimensional model of an alloy where, the effect of disorder is known to be strongest In this talk we will rcivcw the 
basic things about thi.s latter phenomenon, which is sometime.s called resonance. We will first illustrate the case of a lineai chain with correlated’ 
disorder, and then extend the idea to a group of quasipenodic chains (only one member of the group will however, be discussed) and some hierarchical 
lattices
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1. In t ro d u c tio n
L o ca liza tio n  o f  o n e  e le c tro n  e ig e n s ta te s  in a  sy s te m  w ith  ra n d o m  
d iso rd e r  is a n  o ld  p ro b le m . A n d e rs o n  [ 1 ] o b se rv e d  th a t e le c tro n  
lo c a l iz a t io n  is  c a u s e d  b y  c o h e r e n l  s u p e r p o s i t io n  o f  w a v e s  
sc a tte re d  fro m  ra n d o m ly  p la c e d  s i te s  in a  la ttic e . O f  c o u rs e , o n e  
can  n o t ig n o re  th e  o th e r  m a jo r  fa c to rs , lik e  th e  p h o n o n s  o r  th e  
m a n y -e le c tro n  e f f e c ts , b u t th e  s im p le  n o n - in te ra c tin g  p ic tu re  o f  
e le c tro n  lo c a liz a t io n , a s  p ro p o s e d  by A n d e rso n  w ay  b a c k  in 
1958, s till c o n tin u e s  to  g e n e ra te  in te re s t .  W ith in  a  tig h t b in d in g  
foiTnalism  a  c le a r  p h y s ic a l p ic tu re  e m e rg e s  fo r  v a rio u s  p ro p e rtie s  
o f  d if fe re n t m o d e ls  o f  d is o rd e r  (a n d  fo r  'd e te rm in is t ic ' d iso rd e r, 
as w ill b e  d is c u s s e d  la te r) .
O n e  str ik in g  re s u lt is th a t in  a  o n e  d im e n s io n a l sy s tem , a lm o st 
all th e  o n e -e le c tro n  e ig e n s ta te s  a rc  e x p o n e n tia lly  lo c a liz e d  fo r 
any a m o u n t o f  d is o rd e r . T h e  a m p li tu d e  o f  th e  s in g le  p a r tic le  
w a v e fu n c tio n  yf(x) d ro p s  o f f  a s  e x p  (~ A  a ) a s  o n e  m o v e s  a lo n g  
the  c h a in  fro m  an y  g iv e n  s ite . A is  th e  in v e rse  o f  th e  lo c a liz a tio n  
len g th . T h is  is  in  s h a rp  c o n tr a s t  to  th e  c h a ra c te r  o f  e le c tro n ic  
s ta te s  in  a  p e r io d ic  la t t ic e , w h e re , i t  is w e ll k n o w n , th a t th e  
so lu tio n s  a re  B lo c h  fu n c t io n s  ( o f  th e  fo rm  e x p  (ikx) /7 j^ (a ), f/^(A) 
is  a  p e r io d ic  fu n c t io n  h a v in g  th e  p e r io d ic i ty  o f  th e  la ttic e ) ,
p e r f e c t ly  e x te n d e d  o v e r  th e  e n t i r e  la t t ic e .  T h u s ,  w e  m a y  
a s s o c ia te  e x te n d e d  e ig e n f u n c t io n s  w ith  p e r fe c t  lo n g  ra n g e  
tran sla tio n a l order, an d  e x p o n e n tia lly  lo ca lized  s ta tes  w ith  b ro k en  
tran sla tio n a l o rder, m o re  sp ec ific a lly  w ith  the  p re sen ce  o f  ran d o m  
d iso rd er. T h e  re m a in in g  p a rt o f  o u r  d is c u ss io n  w ill m a in ly  fo cu s  
on  th e  p o ss ib il ity  o f  o b ta in in g  e x te n d e d  ty p e  o f  e le c tro n ic  s ta te s  
in sy s te m s  w h e re  th e re  is n o  tra n s la t io n a l p e r io d ic i ty  [2 , 3]. W e 
sh a ll ta lk  o n ly  a b o u t w h a t h a p p e n s  in  o n e  d im e n s io n  (o r n e a rly  
o n e  d im e n s io n ) , n o t o n ly  b e c a u se  w c  can  g e t e x a c t re su lts  in 
s e v e r a l  c a s e s ,  b u t  a l s o  b e c a u s e  o f  th e  t a c t  th a t  r e c e n t  
a d v a n c e m e n t in  n a n o s tru c tu re  te c h n o lo g y  h a s  e n a b le d  u s to  
fa b r ic a te  n e a rly  o n e  d im e n s io n a l su p c r la lt ic e s  w h e re  o n e  can  
test the  th eo re tica l p re d ic tio n s , a n d  lo o k  fo r p o ss ib le  a p p lica tio n s  
as  w ell.
2. A simple model of correlated disorder
In  th is  se c tio n  w e  d e sc r ib e  th e  e s s e n tia l  re s u lts  o b ta in e d  by 
D u n lap  etal [2] w h o  e x a m in e d  th e  p o ss ib ility  o\ dide-localization 
o f  e le c tro n ic  s ta te s  in a  s im p le  m o d e l . S u p p o se , w c h a v e  a  s trin g  
c o m p o s e d  o f  tw o  ty p e s  o f ‘a to m s '>4 a n d  B p la c e d  e q u a l d is ta n c e  
a p a rt. W c a rc  in te re s te d  in  c o n f ig u ra t io n s  in  w h ic h  B a lw a y s
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co m es in pairs. H ow ever, a  p a ir B -B  h  d is trib u ted  in a  co m p le te ly  
ra n d o m  fash io n  on  the ho st A la ttic e . A  ty p ic a l c o n fig u ra tio n
m ay  h e .......A-B- -B- -A A - A - B - B  -B-B-^A -B -^B
A-A.... an d  so  on . T h is  a rra n g e m e n t is a  s l ig h t v a ria tio n  o f  a 
ra n d o m  b in ary  a llo y  m o d e l. B ut it is in te re s tin g  to  n o te  th a t th is  
seem in g ly  in n o cen t re s tr ic tio n  on the  d is tr ib u tio n  o f  th e  /J 's 
m a y  h av e  a p ro fo u n d  im p a c t on  th e  v e ry  c h a r a c te r  o f  th e  
e le c tro n ic  sta te  at a sp e c ia l v a lu e  o f  th e  energy . L e t u s try  to  
c la rify  th is  s ta tem en t. We c o n s id e r  th e  s ta n d a rd  tig h t b in d in g  
h a m ilto n ia n :
w = l')('l+Z[''/ \0{J\+'„ bX'l]. (I)
w h ere  t', is th e  o n -s ite  p o te n tia l a t th e  /-th  a to m ic  s ite , a n d  /   ^=  
is the n e a re s t n e ig h b o u r  h o p p in g  in teg ra l. S o lv in g  th e  tim e  
in d ep en d e n t S ch ro d in g e r e q u a tio n  in o u r c a se  re d u c e s  to  fin d in g  
th e  .solutions o f  a  se t o t d if fe re n c e  e q u a tio n s  h a v in g  th e  fo rm
w h ere  is th e  a m p litu d e  o f  th e  w av e  fu n c tio n  on  th e  /i-th  s ite  
an d  is th e  n e a re s t n e ig h b o u r  h o p p in g  in te g ra l. L e t us
a d d r e s s  th e  p r o b le m  o f  'd i a g o n a l '  d i s o r d e r ,  i.c. w e  s e t  
~  ^  b e in g  th e  ra n d o m  v a ria b le  w h ic h  can  a ssu m e  tw o
v alu es , viz. t'^ an d  fy ,. In o u r  d iscu .ssion  the  v a lu es  r , ,  a lw a y s  
o c c u r  p a irw ise . U sin g  th e  se t o( d iM ercncc cq  (2 ), o n e  can  w rite
¥n ¥oJ (3)
w ith  t/Tj .= I an d  =  0 .  T h e  m a tr ic e s  M^  a re  g iv en  by
f{E-e,)/t -~rM, =
(4)
I he p ro d u c t o f  th e  t r a n s ic r  m a tr ic e s  lo r  th e  ra n d o m  d im e r  
m o d e l (R D M ) tu rn s  o u t to  be .... .. an d  so  on .
N ow , w e o b se rv e  th a t th e  p a ir  o f  m a tr ic e s  . Af^ b e c o m e s  
eq u a l to  an id en tity  m atrix  (ap a rt from  a  n eg a tiv e  s ig n ) fo r a very  
sp ec ia l v a lu e  o f  th e  en e rg y , viz. E ^ e ^ .  I f  w c n o w  se le c t th e  
s ite  e n e rg ie s  fo r th is  m o d e l su ch  th a t - I t  < < 2 t , th en
w e h a v e  an  e x te n d e d  e ig e n s ta te  fo r  th e  sy s te m . T h is  h a p p e n s  
as a re su lt o f  a resonance [4 ]. A t th a t p a r t ic u la r  e n e rg y  (an d  
h en ce , at a  p a r tic u la r  v a lu e  o f  th e  w av e  v e c to r) , th e  sc a tte r in g  
fro m  th e  se c o n d  m e m b e r o f  th e  d im e r  is 18()‘^  o u t o f  p h a se  fro m  
th e  sc a tte r in g  fro m  th e  firs t m em b er. A s a re su lt, th e  e le c tro n  
feels an  a r r a y  o t A -s i te s  o n ly . T h is  r e s u l ts  in  c o m p le te ly  
u n a tte n u a te d  tra n sm iss io n  a t E - e ^ .  H o w e v e r, it sh o u ld  b e  
a p p re c ia te d  th a t th e  w a v e fu n c tio n , th o u g h  e x te n d e d , is n o t a  
B lo c h  fu n c tio n . T h is  m o d e l w as  in itia lly  p ro p o s e d  to  e x p la in  
so m e  a b ru p t e n h a n c e m e n t in th e  d c -c o n d u c ti v ity  in  p o ly a n ilin c s  
o n  p ro to n a iio n  [5].
B e fo re  w e e n d , tw o  p o in ts  a rc  to  b e  n o te d : (i)  I t  is a b so lu te ly  
e sse n tia l th a t w c h av e  a  'd im e r’ o r  an  'n -m e r ' in  g e n e ra l to  h a v e
an y  k in d  o f  re s o n a n c e . T h a t is , th e  'im p u r ity ' m u s t h a v e  an  
in te rn a l s tru c tu re  [21. O th e rw is e  th e  p ro d u c t tr a n s fe r  m a tr ix  can  
n o t b e  m a d e  eq u a l to  an  id e n tity  m a tr ix  a n d  an  u n a lte n u a te d  
tra n sm iss io n  o f  an  in c id e n t w a v e  p a c k e t w ill n o t b e  p o ss ib le , (ii) 
In th e  g e n e ra l c a se  o f  n im p u r i t ie s  p la c e d  s id e  by  s id e , o n e  can  
w r i t e  Af^ =  w h e r e ,  is  th e
C h e b y sh e v  p o ly n o m ia l o f  th e  .second  k in d , Xg =  tmce{Mg)l 2 
a n d  /  is  th e  id e n tity  m a tr ix . T h e  re s o n a n c e  c o n d it io n  is e a s ily  
s a tis f ie d  b y  m a k in g  iJ,^,, (xg) =  0  f ro m  w h ic h  o n e  can  e x tra c t 
th e  e ig e n v a lu e s  f o r  w h ic h  th e  s y s te m  s u p p o r ts  e x te n d e d  
e ig e n s ta te s .
3. Extended states in quasiperiodic lattices
S im ila r  re .so n an cc  p h e n o m e n a  a re  a ls o  o b se rv e d  in  a p e r io d ic  
b u t d e te r m in is t ic  s e q u e n c e s  w h e re ,  b y  th e  v e ry  m e th o d  o f  
co n .s tru c tio n  sh o r t ra n g e  p o s i t io n a l c o r re la t io n s  a p p e a r  a t all 
s c a le s  o f  len g th . L et u s c o n s id e r  a  sp e c if ic  e x a m p le , viz. the  
T h u e -M o rsc  la ttic e . T h e  la t t ic e  is co n .s tru c le d  b y  in f la tin g  a 
b a s ic  seed A by re p la c in g  A b y  a  p a ir  AB a n d  B by  a  p a ir  BA in 
su c c e s s iv e  g e n e ra t io n s . A  ty p ic a l c h a in  in th e  5 - th  g e n e ra tio n , 
say , lo o k s  l ik e  ABBA BAABBAAB ABBA, w h e re ,  w c  h a v e  
e m p h a s iz e d  th e  'd im e r ' c o rre la t io n s  w ith  an  u n d e rb ra c e . S im ila r  
d im e rs  a p p e a r  in all g e n e ra tio n s . S in ce  th e  p ro d u c t m a trix  ac ro ss  
o n e  m e m b e r  o f  th e  d im e r, ie, BAAB. h a s  th e  .sam e tn  cc as  that 
lo r  th e  p ro d u c t ABBA (cy c lic  in v a r ia n c e  o f  trace ) w h ich  fo m i the 
tw o  f la n k s  o f  th e  a b o v e  g e n e ra t io n , th e  e n tire  m a tr ix -p ro d u c t 
b e c o m e s  e q u a l to  id e n tity  fo r  th o s e  e n e rg y  v a lu e s  at w h ic h  th e  
trace  of m a trix  v a n ish e s . S im ila r  d im e rs  o f  b ig g e r  and
b ig g e r  le n g th s  can  be id e n tif ie d  w ith  in c re a s in g  g e n e ra tio n s .
Figure 1. Disitribution of amplitudes for typical extended states in a TM 
chain.
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and th e  d e s i re d  e n e rg y  v a lu e s  c a n  b e  o b ta in e d  b y  s e l l in g  th e  
trace  o f  th e  d im e r  m a tr ix  e q u a l  to  z e ro  a t a n y  le n g th  sc a le . T h is  
im p lies  so lv in g  p o ly n o m ia l  e q u a tio n s  in  e n e rg y  £ ,  th e  d e g re e  o f  
the p o ly n o m ia l in c re a s in g  w ith  h ig h e r  g e n e ra t io n  la ttic e s . T h u s , 
fo r a n  i n f in i t e  T h u e - M o r s e  ( T M )  c h a in ,  o n e  u n r a v e l s  a  
(c o u n ta b le )  in f in i ty  o f  e x te n d e d  e ig e n s ta te s .  O n e  c a n  a r r iv e  at 
th e  s a m e  c o n c lu s io n  in  a n o th e r  w a y , b y  d e te r m in in g  th e  
c o n d i t io n s  f o r  w h ic h  th e  b lo c k  m a t r i c e s  o f  th e  s t r u c tu r e  
^ABBABAAB ^B  AAB ABBA C o m m u te  w ith  o n c  a n o th e r  [61 in
d if fe re n t g e n e ra t io n s ,  l l i e s c  s la te s  d o  n o t fo rm  ’b a n d s ' in th e  
sense  o f  o rd e re d  la t t ic e s , b u t, a rc  g e n e ra l ly  v e ry  c k )se ly  sp a c e d , 
g iv in g  so m e tim e s  th e  f la v o u r  o f  a  q u a s ic o n tin u o u s  d is tr ib u tio n  
o f  e ig e n v a lu e s . In  th is  p a r t ic u la r  c a se , s in c e  th e  p ro d u c t tr a n s fe r  
m atrix  at re s o n a n c e  b e c o m e s  p re c ise ly  e q u a l to  an  id en tity  m atrix  
(a t a n y  g e n e r a t i o n ) ,  w e  o b ta i n  c o m p l e t e l y  u n a t t e n u a t e d  
tra n sm iss io n  fo r  a rb i tra r i ly  la rg e  T M  la t t ic e s  ( fo r  th e  re s o n a n c e  
States). W e sh o w  in  F ig u re  1 a m p li tu d e s  o f  ty p ic a l e x te n d e d  
states in a T M  la ttic e . S im ila re x le n d c d  s ta le s  ( in fin ite  in n u m b e r)  
are o b se rv e d  in  th e  in f in i te  g e n e ra l is e d  F ib o n a c c i c h a in s  [7 ), 
g e n e ra te d  fo l lo w in g  th e  p re s c r ip t io n  A AB'  ^ a n d  H -->A w ith  
// > 2 . T h e  itkkIc o f  a n a ly s is  is s a m e  as  a b o v e . I 'h c  se lf-s im ila r ity  
ag a in  p la y s  a c ru c ia l  ro le  in  th e  e x is te n c e  o f  an  in f in i te  n u m b e r  
of su ch  s la te s .
4. Hierarchical lattices
We w ill d is c u s s  tw o  s p e c if ic  e x a m p le s  in v o lv in g  tw o  m o d e ls  o f  
re g u la r  fra c ta ls , w h ic h  h a v e  b e e n  v e ry  p o p u la r  o v e r  ih c  y e a rs  
fo r s tu d y in g  c r i t ic a l  p ro p e r t ie s .  T h e s e  a re  th e  n o n -b ra n c h in g  
K och frac ta l [8] a n d  th e  V ic se k  fra c ta l [9 |.  T h e s e  s tru c tu re s  o ffe r  
m any  fe a tu re s  s im i la r  to  th o s e  o c c u r r in g  in  a c tu a l d is o rd e re d  
sy s tem s , a n d  at th e  s a m e  tim e  it is p o s s ib le  to  d o  e x a c t a n a ly tic a l 
c a lc u la tio n s  fo r  m a n y  o f  th e m . H e n c e , th e  in te re s t  is q u ite  
i»hvious. W e, in  p a r t ic u la r , w ill fo c u s  o n  tw o  o th e r  a sp e c ts  o f  
ou r p ro b le m  o f  in te re s t .  In  th e  f ir s t  e x a m p le ,  w e  in v e s tig a te  th e  
ro le  p la y e d  b y  an  e x te r n a l  m a g n e t ic  f ie ld  in th e  e x is te n c e  o f  
e x te n d e d  ty p e  s ta te s  in  a  f r a c ta l ,  a n d  in th e  s e c o n d  e x a m p le , w e  
sh o w  th a t o n e  e n c o u n te r s  s i tu a t io n s  w h e re  e x te n d e d  s ta le s  m ay  
a rise  e v e n  w h e n  th e r e  is  n o  a p p a re n t  'd im e r ’- lik e  c o r re la t io n s  in
a  la ttic e  T h e  c h a ra c te r  o f  th e s e  s ta le s  h o w e v e r , is q u ite  d if fe re n t 
fro m  th o se  o c c u rr in g  in  th e  q u a s ip e ric x lic  c h a in s , th e  d if fe re n c e  
sh o w in g  u p  in th e  b e h a v io u r  o f  th e  tr a n s m is s io n  c o e f f ic ie n t  fo r 
la rg e  f in ite  la ttic e s .
(i) A non-branching Koch fractal in a magnetic field :
T h e  s e c o n d  g e n e ra t io n  fra c ta l is s h o w n  in F ig u re  2 (a ) . W e 
in tro d u c e  a  m a g n e tic  fie ld  in a d ir e c tio n  p e rp e n d ic u la r  to  th e  
|> lane o f  th e  p ap er. T h e  Ilux  cn c lo .sed  b y  an  e le m e n ta ry  tr ia n g le  
i s  0 ,  .say. T h e  p u rp o s e  o f  h a v in g  a  m a g n e tic  fie ld  w ill b e c o m e  
ip lear as  w e p ro c e e d . A s a re s u lt  o l th is  f ie ld , th e  lim e  re v e rsa l 
S y m m e try  is b ro k e n  for an  e le c tro n  w h e n  it h o p s  a ro u n d  th e  
in a n g u la r  p la q u e lle  T h is  is tak en  ca re  o l by tix in g  a p h ase  fac to r 
kvith  h o p p in g  in te g ra l, ic fo r /o n iY r /v /h o p p in g , an d . 
pc fo r ’b a c k w a rd ' lu ip p in g  in  th e  tig h t b in d in g  H a m ilto n ia n  
} l ( ) | .  N b e in g  th e  n u m b e r  o f  s i te s  in  th e  p la q u e t le  H e re . 
y  =  i T K p / 0Q b e in g  e q u a l to  hc/e, th e  Ilux  q u a n tu m . F ig u re  
2 (b )  sh o w s  h o w  th is  h ie ra rc h ic a l s tru c tu re  c a n  be  re d u c e d  U) an  
e f f e c tiv e ly  o n e  d im e n s io n a l c h a in  by  d e c im a tin g  th e  D -iy p e  
v e r t i c e s .  T h e  r c n o r m a l i / c d  s i t e  e n e r g i e s  a r c  
+ 2 r ; a n d ,  =  f / f  +  2 / ;  /  ( f * - f / j ) . T h e  
d im e r - ty p e  c iir re la lio n  is o b v io u s  fro m  th e  F ig u ie . T h e  s ite s  H 
o r  C  fo rm  d im ers . I f  w e n o w  d esire  th a t E -  th en  th e  p ro d u c t
tra n sfc i m a trix  fo r th e  c f le c tiv c  p a ir  o f  B s ite s  is id en tity , and  w c 
h a v e  an  o rd e re d  se q u e n c e  o f  CCA ( id e n tif ie d  as  an  a - t y p e  
b lo c k  in F ig u re  2 (b )) . H o w e v e r , a c c o rd in g  to  w h a t w e h av e  
d is c u s s e d  so  far, th e  tra c e  o l th e  tr a n s fe r  m a tr ix  fo r  su c h  a  u n it 
C CA h a s  to  b e  b o u n d e d  by tw o  in  o rd e i th a t th e  ab o v e  e n e rg y  
c o r r e s p o n d s  to  an  e x te n d e d  e ig e n s ta te .  N o w  th e  tr a c e  is a  
fu n c tio n  o f  th e  e x te rn a l I lu x . W e p lo t th e  v a lu e  o f  h a lf  th e  tra c e  
(w h ic h  sh o u ld  be <1 ) a g a in s t  d i f f e re n t  v a lu e s  o f  th e  fiu x  
(F ig u re  3). W e fin d  th a t, tfic tr a c e -c o n d i tio n  is s a tis f ie d  o n ly  at 
so m e  sp e c if ic  v a lu e s  o f  th e  m a g n e tic  flux  ! It c a n  be sh o w n  th a t, 
fo r  E =  f / j  an d  fo r th e se  sp e c ia l v a lu e s  o f  the  flux , K o ch  frac ta ls  
o f  an y  a rb i tra ry  s i / e  b e c o m e  c o m p le te ly  t r a n s p a re n t  to  an  
in c o m in g  e le c tro n  [ 11 [.
a &
Figure 2, (a) Portion of a non-branching Koch fractal, and, (b) the 
effective one dimensional chain by decimating the ’D' vertices Figure 3. Variation of (TrM„)/2 ugam.si magnetic flux
Arunava Chakraharti
The analysis for extended slates can be made in another 
way. In Figure 2(b) wc identify two clusters labelled by cc and 
p. It can be shown that, the transfer matrices for these two 
clusters, viz, M„ and Mp commute with each other provided 
E{E^-2)[E+2 cos 3y) = 0 • Thus, if we have an infinite fractal, 
then for any of the four energy values obtained from the above 
equation, it is possible to arrange the a and P blcKks in any 
sort of periodic fashion, and thus one can expect extended 
eigenstates But what happens to the transmission coefficient 
across large finite versions of the fractal lattice at these energies? 
Let us discuss just one case, which is E=0. It can be shown (1 Ij 
that the value of the transmission coefficient for an /-Ih 
generation Koch fractal is given by
7'(/) = -
1+(4A^ / -3)‘ cos' 3y (5)
Nj is the number of sites in the /-th generation. Wc thus find that 
though the states may be extended in the sense that the 
amplitudes of the wavefunction remains non-zero even at the 
farthest part of the lattice, the transmission coefficient may 
behave anomalously, sometimes decaying in a power-law 
fashion with the system-size.
(ii) A Vicsek fractal:
The seed for generating this fractal is a five site cluster. The next 
generation is obtained by joining identical clusters at each of 
the five extremeties of the seed (Figure 4). The fractal grows in 
this fashion. In this case, there is no 'dimer'-like positional 
correlation. However, it has been shown [12] that an infinitely









Figure 4. Variation of (TrM^)/2 against magnetic flux
(b)
large fractal can support an infinity of extended eigenstates. For 
some specific energy eigenvalues, it is possible to solve the 
Schrbdinger equation consistently over any arbitrarily large 
lattice. One considers a five-site plaquette at the lowest length 
scale, and forces the value of the amplitude to be equal to zero 
at the central site of the plaquette. The idea is then extended to 
larger scales of length. Extended states are found to have energy 
eigenvalues given by the equation.
E = Ei,{h)±T, (6)
where is the site energy of the extreme site at the n-th stage 
of renormalization, and T is the hopping integral between the 
extreme sites of two neighbouring clusters. The amplitudes of 
the wavcfunctions for two different cases are shown in Figure 
4. One can observe, that at the bare length .scale, amplitude is 
zero at the centre of the smallest five-site clu.ster. However, in 
this case also, an analysis of the renormalization group equations 
prove 112] that such extended stales exhibit a decaying 
transmission (with system size).
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